The rate of convergence of the Karhunen-Loeve expansion of an inhomogeneous, instantaneous random field is compared with that of Fourier expansion in relation to the Reynolds number. The model turbulence is generated by solving the Burgers' equation with random forcing. The coefficients of the Fourier expansion are determined by a Galerkin solution scheme. The results show obvious superiority of the Karhunen-Loeve expansion, especially for high Reynolds number flows.
In 1967, Lumley' proposed using the Karhunen-Loeve (KL) expansion to orthogonally decompose turbulent fields for the purpose of extracting large eddy structure from two-point velocity correlation data, R(x,x'), and to achieve efficient representation of the fields. The compactness of the KL expansion in representing turbulence has been demonstrated by several investigators.2-5 More recently, interest has focused on the use of highly truncated proper orthogonal decompositions in Galerkin solution schemes for turbulent flowsk8 These methods reduce the Navier-Stokes equations to a set of ordinary differential equations for the Fourier coefficients of the expansion. The major question is the level of truncation, and hence the order of the system of ordinary differential equations, that is needed for accurate solutions.
In the present study, we investigate the convergence of the KL expansion for Galerkin solutions of the one-dimensional Burgers' equation with random forcing.' The convergence is compared with that of an accurate numerical solution and with a Galerkin solution using conventional Fourier sine expansion. Various Reynolds numbers and degrees of truncation are considered. The one-dimensional forced Burgers' equation has been selected as a model because with no-slip boundary conditions it is a strongly inhomogeneous random process possessing small viscous length scales and a large outer scale, much like wall turbulence, and because its KL expansion has been investigated in detail.5 These studies showed that the eigenfunctions for the KL expansion possess thin viscous boundary layers at the walls and Reynolds number-independent large structure in the core region. The eigenvalue spectra were found to contain much of the energy in the first few modes. They also showed that the number of KL terms needed to represent 90% of the energy increased from six at Re = 1654 to nine at Re = 6616.
The nondimensional Burgers' equation with random forcing, X(x,t) and no slip boundary conditions is u, + uux= (l/Re)u,, + x(&t),
where x(x,t) is the dimensionless random forcing, homogeneous and white in x, and stationary and low-pass filtered in t. Re is the Reynolds number. Details of the numerical method used to compute accurate solution needed to compute the KL eigenfunctions, and statistical properties, including the autocorrelation functions
are given by Chambers et ~1.~ The KL expansion is an orthogonal function expansion of a random field u(x,t) that uses a set of orthonormal basis functions 4n(~) chosen such that the expansion u(x,t) = 2 a,(t)&(x), 
converges faster, in the mean-square sense, than any other expansion in terms of different orthogonal functions. The basis functions are determined by the Fredholm integral equation,
0 Following standard procedures, the Galerkin method approximates u(x,t) by a truncated KL expansion, UN(XJ) = 5 %(~Mn(X).
(7) n=l Governing equations for a, (t) can be formulated by substituting Eq. (7) 
where The coefficients in Eqs. (9)- ( 11) are integrated numerically by the trapezoidal rule and the system of differential equations (8) is solved by the third-order Runge-Kutta method. Eigenfunctions and coefficients are computed for each Reynolds number. That is, we are not exploring the efficiency of using eigenfunctions found for one Reynolds number as the basis functions for expansion at another Reynolds number.
To assess further the efficiency of Galerkin solution with KL eigenfunctions, we have computed Galerkin solutions using the set of sinusoids {sin MX} as orthogonal basis functions. The governing equations and the numerical procedures for solving them are identical to those used for the KL expansion, the differences lying only in the values of the coefficients Bkm,,t &,, and Sk layers and internal shocks in the core region, as discussed elsewhere.5 The Galerkin solution using 20 terms of the KL expansion represents the Burgers' turbulence fairly well. Even the sharp shocks are properly captured by the KL expansion. However, the Galerkin solution using the Fourier sine expansion is poor in expressing the small-scale field with 20 terms, principally because the Fourier expansion exhibits marked overshoot related to Gibbs' phenomenon. if the number of terms in the expansion series increases, the Galerkin solutions using either type of expansion improve as shown in Fig. 2 , but the oscillations of the Fourier sine expansion decrease slowly. The quality of convergence of both expansions may be represented quantitatively by the norm of the difference between the exact solution and the Galerkin approximation of the expansions integrated over the solution interval defined as the following: L2 norm=Ilu(x,t) -~~(x,t)/l~
The L, norms versus Reynolds number for both the KL and Fourier expansions at t=2 with IZ =40 are presented in Fig. 3 . As shown in this figure, the KL expansion becomes more accurate than the Fourier series with the increasing Reynolds number. Figure 4 compares the improvement of the convergence of each expansion that is obtained by increasing the number of terms. Since the L2 norm of the KL expansion is already small for small number of terms, it decreases at nearly a uniform rate with each additional term, whereas that of the Fourier expansion first oscillates, then decreases rapidly. When the number of terms is sufficient to satisfy the Nyquist criterion, the accuracy of the Fourier series expansion becomes comparable to that of the KL expansion. Hence, the KL expansion is inherently more accurate for small numbers of terms. Even so, for the large Reynolds numbers considered here, many terms are still required. Finally, it is well known that the KL expansion describes the inhomogeneous flow field better than the Fourier expansion. Since the inhomogeneity becomes stronger for higher Reynolds number, this advantage of the KL expansion is expected to appear more clearly at higher Re. 
